Abstract. In this paper, we present a minimal counterexample to a conjecture of Perles that answers a question of Haase and Ziegler. The example is a simple 4-polytope that has an induced 3-connected 3-regular subgraph, whose graph complement is connected. This subgraph is planar and not the graph of a facet of the polytope.
Introduction
The question of reconstructibility of a polytope from its vertex-edge graph has been of great interest to many. One of the earliest attempts at making progress on this problem was a conjecture by Perles, that the facets of simple polytopes were precisely the induced, 3-connected, non-separating, pd´1q-regular subgraphs of the vertex-edge graph [9] . If the conjecture were true, then simple polytopes could be reconstructed from their vertex-edge graphs. Blind and Mani, Kalai, and Friedman showed that all simple polytopes can be reconstructed from their graph [1, 7, 4] . However, their proofs did not settle Perles' Conjecture. The conjecture was latter shown to be false in general by Haase and Ziegler [6] , although their counterexample leaves something to be desired. The authors themselves note that the construction is "as-concrete-as-possible." Furthermore, in this counterexample, the 3-regular subgraph of interest in their example is not planar, as all graphs of facets of 4-polytopes are.
The example of Haase and Ziegler was explicitly realized by Witte [13] . Its f-vector is (2592, 5194, 3121, 529). We present two new counterexamples to Perles' Conjecture, summarized here by their f-vectors. The minimum f-vector of 4-polytopes with a planar counterexample to Perles' conjecture is (38, 76, 50, 12) . The minimum f-vector of simple 3-spheres with a counterexample to a generalization of Perles' conjecture is (38, 76, 49, 11) . Minimality is considered first with regard to number of facets, then with regard to number of vertices. We only consider minimality within the class of either 3-spheres or 4-polytopes, as appropriate, and the examples presented realize each of these minima. Section 2 gives definitions for the terms used. A minimal planar counterexample is given concretely in Section 3. In Section 4, we give more information about the verification of minimality, as well as the extension to simplicial spheres. In Section 5 we describe some of the constructions that led to this example. In Section 6, we describe which parts of this paper were done through computation and the code used.
Definitions
While most of these definitions are standard, we reiterate them here for completeness. 2. An i-face of a polytope is a set of points in a polytope that maximize a linear functional and whose affine span is i-dimensional. A pd´1q-face of a d-polytope is called a facet, and a pd´2q-face of a d-polytope is called a ridge.
Definition 2.3. The polar dual of a polytope with the origin in its interior is the polytope defined by the intersection of the half-spaces t Ý Ñ y : Ý Ñ y¨Ý Ñ x ď 1u, where Ý Ñ x are the coordinates of the 0-faces of the polytope. Definition 2.4. A simplicial complex is a collection of sets ∆, such that if σ P ∆ and τ Ă σ, then τ P ∆.
The elements of ∆ of size i`1 are called i-faces. We represent simplicial complexes by only the maximal faces, which we also call facets. When all the facets are the same size, we call the complex pure. When the complex is pure, then ridges are the faces of cardinality one less than the facets. Definition 2.5. The star of a face σ in a simplicial complex ∆ is the simplicial complex generated by the facets containing σ, st ∆ pσq " tτ | τ Ă F for some F P ∆ such that σ Ă F u. The link of a face σ in a simplicial complex is the set of faces whose intersection with σ is empty, and whose union with σ is in ∆,
Definition 2.6. A vertex-edge graph of either a simplicial complex or a polytope is the graph whose vertices are the 0-dimensional faces and whose edges are the pairs of 0-dimensional faces which are contained in a 1-dimensional face. Definition 2.7. A simple d-polytope is one such that its vertex-edge graph is d-regular. Definition 2.8. A facet-ridge graph of either a simplicial complex or a polytope is the graph whose vertices are the facets and whose edges are pairs of facets that contain a common ridge. This definition is not the only possible definition for facet-ridge graph, but it is sufficient for our purposes and nicely reflects the vertex-edge definition.
Definition 2.9. The boundary of a d-dimensional simplicial complex is the simplicial complex generated by the faces of dimension less than d that are contained in at most one d-dimensional face. Definition 2.10. An interior facet of a simplicial complex is a facet for which none of its ridges are in the boundary of the simplicial complex. Definition 2.11. A psuedomanifold with boundary is a topological space which has a triangulation such that the triangulation is pure, every ridge is in at most two facets, and the facet-ridge graph is connected. Definition 2.12. A pinched i-face in a pure simplicial complex of dimension d is an i-face such that the geometric realization of its link is homeomorphic to
This definition is intentionally more broad than what will be used in this paper. For our purposes, we only consider pinched vertices in a 3-dimensional complex. Then the condition to be a pinched vertex is that its link is S 1ˆr 0, 1s, or an annulus. For example, the complex generated by the facets 0123, 0234, 0345, 0456, 0561, 0612 has 0 as a pinched vertex, since its link is an annulus. The motivation for the name is that this example is like taking a piece of dough and pinching it with two fingers in the middle. Definition 2.13. A Perles piece is a connected simplicial complex such that every facet contains exactly one ridge in the boundary of the complex.
Conjecture 2.14 (Perles). Every pd´1q-regular, induced, pd´1q-connected, non-separating subgraph of the vertex-edge graph of a simple d-polytope corresponds to a facet of P .
The boundary of the dual of a simple polytope is a simplicial complex. Under duality, facets become vertices, and vertices become facets. Consequently, the subgraph in the conjecture above becomes a subgraph of the facet-ridge graph under duality. That the subgraph is pd´1q-regular implies that every facet of the dual has a ridge in common with d´1 other facets, and has one ridge that is not in any other facet, which is therefore in the boundary. That the subgraph is induced is equivalent to downward containment, which is a requirement of simplicial complexes by their definition. We can then restate Perles' Conjecture. At the end of [6] , which gave the first counterexample to Perles' Conjecture, the authors ask the following question.
Question 2.16 (Haase and Ziegler).
Are the stars of vertices the only non-separating Perles pieces with planar facet-ridge graphs in the polar dual of a simple 4-polytope?
We answer this question in the next section.
A minimal planar counterexample to Perles' Conjecture
In this section, we give an explicit description of a facet-minimal example of a simple 4-polytope whose graph has a planar, 3-regular, induced, 3-connected, non-separating subgraph that does not correspond to a facet. For ease of writing and consistency, we only refer to the polar dual of the example. We describe the example by the following list of twelve vertices, which correspond to the twelve facets of the facet-minimal example.
The polytope P is simplicial, so its boundary forms a simplicial complex. The following is the facet-ridge graph of a non-separating Perles piece contained in this complex. 
Simplicial Spheres
In the previous section, we gave a counterexample to Perles' Conjecture where the 3-connected graph is planar. In this section, we relax the planar condition and expand the class of objects we consider from 4-polytopes to simplicial 3-spheres. These relaxations allow a counterexample with one fewer vertex, from 12 vertices in the dual of the previous example, to 11 vertices in this example.
Kalai posed the following conjecture: All simplicial spheres can be reconstructed from their facet-ridge graph [8] . For polytopal simplicial spheres, under duality this is equivalent to the result of Blind and Mani, Kalai, and Friedman. The barrier to extending these results is that convexity can no longer be assumed, since each proof at some point requires some geometric information that is derived from convexity. Although Perles' Conjecture is false even for polytopes, it has a natural dual extension to simplicial spheres: "The stars of vertices are the only Perles pieces of a simplicial sphere."
Here, we provide a counterexample to such a conjecture, which is minimal with respect to the number of vertices, then minimal with respect to the number of facets. We give the facet list of a vertex-minimal simplicial sphere that contains a non-separating Perles piece that is not the star of a vertex. The facet-ridge graph of the Perles piece that is not the star of a vertex in this example is not planar. This example is not unique, and all examples with 11 vertices are available by email upon request. It is not currently known if any of these spheres are polytopal. These examples were generated by computer search, which further verified that all simplicial 3-spheres with 10 or fewer vertices do not have counterexamples to the extension of Perles' Conjecture to simplicial spheres. 
Methods
Bohus, Jockusch, Lee and Prabhu showed that any Perles piece not the star of a vertex must not be a topological ball or topological torus [2] . In the same paper, they remark that Rudin's ball comes close to being a Perles piece, although they incorrectly identify how many interior facets it has. Of the 41 facets of Rudin's ball, 17 are interior [10] . A relatively more tractable triangulation of the ball with similar properties is Ziegler's ball [14] . In this triangulation, only 5 of the facets are interior, even closer to a Perles piece.
We now describe a pair of general operations that combine to form a useful modification to simplicial complexes. We require that in all cases these operations are done to subcomplexes which satisfy the conditions of psuedomanifolds when considered as a part of the larger complex.
The first operation is simply stellar subdivision of a facet. This takes a general facet 1234 and replaces it with the facets 1235, 1245, 1345, 2345.
The second operation requires a collection of facets isomorphic to 1234, 1245, 1256 with 123 a boundary ridge, and both of 1245 and 1256 interior facets. We replace these facets with the facets 1734, 7234, 1745, 7245, 1256. After this operation all of these facets have a boundary triangle, respectively 173, 723, 175, 725, 125.
We combine these operations in the following way. We find a collection of facets isomorphic to 0123, 1234, 2345 where the facet isomorphic to 1234 is an interior facet, and the ridges isomorphic to 012 and 345 are in the boundary. We then stellar subdivide the facet isomorphic to 1234 with a vertex we will label 6. Then we perform the second operation under the isomorphism that takes the facets 0123, 1236, 1246 to the facets 1234, 1245, 1256. We perform the second operation a second time, this time under the isomorphism that takes the facets 1634, 6234, 2345 to the facets 1234, 1245, 1256. This combination of three operations replaces three facets with ten facets, and each of these ten facets have a boundary ridge. This also creates a pinched vertex at 6.
It turns out that the 5 interior facets of Ziegler's ball all satisfy the conditions to apply this operation. After applying the operation 5 times, we obtain a simplicial complex each of whose facets have exactly one boundary triangle. This complex has 57 facets and 25 vertices. We consider how this complex is different from a topological ball, which can never have this property [2] . The topological difference is the 5 pinched vertices, the vertices used in subdividing the interior facets.
We may then focus on constructions that use these pinched vertices as a means to the end, rather than a consequence of the construction. The following facet list describes a basic building block that we will use in the following constructions.
Γ " x0125, 0256, 0236, 0346, 0134, 0145, 1345, 2346y.
If we were to attach additional facets along 246, 256, 125, 135, then each of the facets of Γ have exactly one boundary triangle. We create three copies of Γ with vertices 0 a , 1 a , 2 a , 3 a , 4 a , 5 a , 6 a , 0 b , 1 b , 2 b , 3 b , 4 b , 5 b , 6 b ,  0 c , 1 c , 2 c , 3 c , 4 c , 5 c , 6 c . We then glue these copies together by making the identifications 1 a " 2 b , 3 a " 4 b , 5 a " 6 b , 1 b " 2 c , 3 b " 4 c , 5 b " 6 c , 1 c " 2 a , 3 c " 4 a , 5 c " 6 a . Then we cone all the faces that are copies of the original 256 and 125 faces to a new vertex, 7. In this way we have constructed a complex, so that each of the facets in the copies of Γ have exactly one boundary triangle, and the 6 facets containing 7 also each have only one boundary triangle. Overall, this example uses 4 pinched vertices, 0 a , 0 b , 0 c , 7, 13 vertices and 30 facets, substantially smaller than our previous example.
We may do the same construction with three copies of Γ, but then do some additional subdivisions and identifications to allow the triangles we previously coned to be glued together instead. This leads to the example in Section 3, which only has 3 pinched vertices, 12 vertices and 28 facets. Each of these gives an R 3 -embeddable simplicial complex. We may then add more facets to complete these to a sphere. In the case that this is also the facet list of a simplicial polytope, we may take its dual to get a polytope with a counterexample to Perles' Conjecture.
Computation
There are several claims made in this paper that rely on computation. We will go through claim by claim and detail how the claim was verified.
Proposition 6.1. No simplicial 3-sphere with 10 vertices contains a Perles piece that is not the star of a vertex.
Proposition 6.2. There are 1669 simplicial 3-spheres with 11 vertices that contain a Perles piece that is not the star of a vertex.
These two propositions were proved with the same code. The computations for the first proposition were done on the author's home computer, an Intel Core 2 Q9400 processor. The computations for the second proposition were done on the KU High Performance Computing cluster.
The code for these computations is available by email upon request. It consists of three main parts. The first part is lextet version 0.24 [11] . This generates all 3-manifolds with a given number of vertices. The second part and third part are both written by the author. The second part computes the rank of homology of the manifold, and makes sure that the ranks of homology matches that of the sphere. The last part finds all Perles pieces of the simplicial complex, using a depth-first search algorithm. Facets are included or excluded from the candidate Perles piece, and the branch terminates when it finds that a facet of the candidate Perles piece is forced to have 0, 2, 3 or 4 boundary ridges.
Separately, Sage was used to check homology of the resulting manifolds, and found some non-sphere manifolds, which were thrown out [12] . The remaining manifolds total 1669 and are available by email upon request. Using just the third part of the code described above, the non-star Perles pieces were identified for each manifold. Sage was used to check planarity of each of the facet ridge graphs, and they are all not planar [12] . Proposition 6.4. The coordinates given in Section 3 describe a polytope containing the specified Perles piece.
While this proposition can be independently verified with any number of software packages, constructing coordinates is a difficult problem. The author recommends polymake for verification of the example [5] . The code which found these coordinates does so in the following way. First, it computes the determinants of the matrices of the chirotope derived from the simplicial sphere. It then adjusts the position of the vertices based on those determinants to attempt to make more of them positive. When all of the determinants are positive, the coordinates describe a polytope whose boundary is the desired simplicial sphere. This is a closely related process to spring algorithms to generate nice embeddings of graphs. This is non-deterministic, and is helpful only for providing coordinates for a polytopal realization of a simplicial sphere. It will not prove that a simplicial sphere is not polytopal. The initial input is generated by finding an edge within the sphere whose link is large, then choosing coordinates that naturally induce all the facets containing that edge. For more information on realizing simplicial spheres as polytopes and chirotopes, the author recommends a paper by Firsching [3] .
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